The ground and low-lying collective states of a rotating system of N = 3 bosons harmonically confined in quasi-two-dimension and interacting via repulsive finite-range Gaussian potential is studied in weakly to moderately interacting regime. The N -body Hamiltonian matrix is diagonalized in subspaces of quantized total angular momenta 0 ≤ L ≤ 4N to obtain the ground and low-lying eigenstates. Our numerical results show that breathing modes with N -body eigenenergy spacing of 2hω ⊥ , known to exist in strictly 2D system with zero-range (δ-function) interaction potential, may as well exist in quasi-2D system with finite-range Gaussian interaction potential. To gain an insight into the many-body states, the von Neumann entropy is calculated as a measure of quantum correlation and the conditional probability distribution is analyzed for the internal structure of the eigenstates. In the rapidly rotating regime the ground state in angular momentum subspaces L = q 2 N (N − 1) with q = 2, 4 is found to exhibit the anticorrelation structure suggesting that it may variationally be described by a Bose-Laughlin like state. We further observe that the first breathing mode exhibits features similar to the Bose-Laughlin state in having eigenenergy, von Neumann entropy and internal structure independent of interaction for the three-boson system considered here. On the contrary, for eigenstates lying between the Bose-Laughlin like ground state and the first breathing mode, values of eigenenergy, von Neumann entropy and internal structure are found to vary with interaction.
I. INTRODUCTION
Advances made in past few decades have given experimentalists a decisive control over several parameters of physical interest of quantum gases such as the density, the effective dimensionality, the inter-particle interaction [1, 2] and has even made it feasible to confine the desired number of particles as in a microchip trap [3, 4] . Following this, considerable effort has been devoted to explore the physics of few-body systems of interacting particles [5] , as it promises to provide a bridge between the microscopic and the macroscopic ensembles [6, 7] . As a consequence, an increasing number of few-body phenomena are being studied in a variety of systems under different physical situations [8] [9] [10] [11] [12] . There are other compelling reasons to consider systems with few particles, for instance, a strongly correlated state of the quantum gas is experimentally accessible only for small systems, such as an analogue of the Laughlin-like state [13] [14] [15] [16] . Another reason is that few-body systems allow a higher level of control [17, 18] , to study its role as building blocks of strongly correlated quantum many-body states [7] .
Recent studies have demonstrated that the breathing mode [19, 20] is ideally suited to be employed as a diagnostic tool for probing the ground and the excited states of quantum gases in trapped atomic vapors [21, 22] paving the way for a novel kind of spectroscopy of ultracold trapped gases. For classical system of in- * alimran5ab@gmail.com † mahsan@jmi.ac.in teracting particles confined in 2D by external potentials, breathing mode has been studied earlier [23] [24] [25] . Quantum few-body systems realized in lower dimensions with high-precision control over its physical parameters serves to motivate the study of breathing mode dynamics [8, 22, [26] [27] [28] . An understanding of few-body systems may provide an insight into the beyond mean-field physics of macroscopic ensembles.
In this work, we present an exact diagonalization study of ground and excited states including the breathing modes in a system of three spinless bosons, harmonically confined and interacting via finite-range Gaussian repulsive potential. The results obtained through exact diagonalization method attribute a 2hω ⊥ spacing that exists between specific collective excitations, referred to as breathing modes of the system in 2D harmonic trap. In particular, the paper focuses on the case of rapidly rotating bosons (in quantum Hall regime) to explore the quantum correlation as well as internal structures of the many-body ground and collective excited states. Systems in fractional quantum Hall regime characterized by finite number of particles or high angular velocity approaching the centrifugal limit of the confining harmonic trap are of special interest [16, 29, 30] as the ground state of such a system is the well studied Bose-Laughlin state [31] [32] [33] . Anticipating experiments with few Bose atoms, the purpose of this study is to further extend theoretical understanding in this direction.
The paper is organized as follows. Section II provides a brief description of the model Hamiltonian for a rotating Bose system with finite-range Gaussian interaction potential and confined in quasi-two-dimensional (quasi-2D) harmonic trap. In section III, we present the results for a system of three ultra-cold Bose atoms to investigate the physics of breathing modes. For weakly to moderately interacting regime, the low-energy eigenspectra is presented to examine the ground and low-lying collective excitations in rapidly rotating regime. In order to gain further insight into the few-body quantum states, we obtain the von Neumann entropy as a measure of quantum correlation and the conditional probability distribution to analyze the internal structure (spatial correlation). Section IV presents summary and outline the conclusions of the present work.
II. THEORETICAL MODEL
A. The system and the Hamiltonian
We consider a system of interacting spinless bosons, harmonically confined and subjected to an externally impressed rotation with angular velocity Ω ≡ Ωê z about the z-axis. We assume a stiff confinement of the harmonic trap along the axis of rotation so that the axial energylevel spacing far exceeds the radial energy-level spacing and other energy scales like the interaction energy and the rotational energy, yielding an effectively quasi-2D system with x-y rotational symmetry. Choosinghω ⊥ and a ⊥ = h/M ω ⊥ as units of energy and length respectively, our system of N spinless bosons each with mass M and radial confining frequency ω ⊥ is described in the co-rotating frame by the Hamiltonian H rot = H lab − ΩL, where
Here Ω = Ω/ω ⊥ (≤ 1) is the dimensionless angular velocity and L (scaled byh) is the z projection of the total angular momentum operator. The first two terms in the Hamiltonian (1) correspond to the kinetic and potential energies. The third term U (|r i − r j |) arises from the two-body interaction assumed to be Gaussian in particleparticle separation [28, 34] 
with σ ⊥ (scaled by a ⊥ ) being the effective range of twobody interaction. The dimensionless parameter g 2 = 4πa s /a ⊥ measures the strength of interaction where a s is the s-wave scattering length for low-energy particleparticle collision. Recent experimental advancements in atomic physics have made it possible to tune a s in ultra-cold atomic vapors using Feshbach resonance [1, 2] . Accordingly, in a theoretical study, one can vary a s to achieve the desired value of interaction parameter g 2 relevant to the trapped model system. We take the scattering length to be positive (a s > 0) so that the effective interaction is repulsive. The finite-range Gaussian interaction potential in Eq. (2) is expandable within a finite number of single-particle basis functions and hence computationally more feasible [35, 36] . In the limit σ ⊥ → 0, the normalized Gaussian potential in Eq. (2) smoothly reduces to the zero-range contact potential g 2 δ (r i − r j ) which has widely been used in earlier studies [37] .
The system described by the Hamiltonian in Eq. (1) has cylindrical symmetry with respect to the z-axis which implies that the z-projection of the total angular momentum is conserved i.e. L is a good quantum number. To obtain the eigenenergies and the corresponding eigenstates of the N boson system, we employ exact diagonalization of the Hamiltonian matrix in different subspaces of L with inclusion of lower as well as higher Landau levels in constructing the N -body basis states.
In Rayleigh-Ritz scheme [38] employed here, the Nbody variational wavefunction Ψ (r 1 , r 2 , . . . , r N ) is constructed as linear combination of the symmetrized products {Φ ν (r 1 , r 2 , . . . , r N )} of a finite number of singleparticle basis functions {u n,m,nz (r)}, chosen to be the eigenfunctions of the non-interacting single-particle Hamiltonian
identified as the quasi-2D harmonic oscillator Hamiltonian in a rotating frame with ℓ z being the singleparticle angular momentum. The eigensolutions of H sp u n,m,nz (r) = ǫ n,m,nz u n,m,nz (r), in dimensionless form, are known to be:
where n = 2n r + |m| with n r = 0, 1, 2, · · · and
⊥ is the associated Laguerre polynomial and H nz λ z z 2 is the Hermite polynomial. Also n r ≡ 1 2 (n − |m|) is the radial quantum number and m is the single-particle angular momentum quantum number. The system here has been assumed to be quasi-2D since there is practically no excitation along the relatively stiffer z-axis and we, therefore, set n z = 0 in Eq. (4) implying that all the particles occupy only the lowest-energy state u 0 (z) = (λ z /π) 1/4 e −λzz 2 /2 of z co-ordinate degree of freedom. Therefore Eq. (4) can be written as ǫ n,m = (n + 1 − mΩ) + λ z /2 , with n = 2n r + |m|
Restricting to n r = 0 and taking m ≥ 0 in the above equation corresponds to the LLL approximation. Taking n r ≥ 0 and allowing m to take positive as well as negative values corresponds to going beyond LLLs [39, 40] . The N -body variational wavefunction is
where {C ν } are the variational parameters. The manybody index ν ≡ (ν 0 , ν 1 , . . . , ν j , . . . , ν k ) labelling the many-body basis function Φ ν (r 1 , r 2 , . . . , r N ) stands for a set of single-particle quantum numbers {j ≡ (n, m)} and their respective occupancies {ν j }. In the present work we employ beyond lowest-Landau level approximation, constructing many-body basis functions {Φ ν } using the single-particle basis u n,m (r) with radial quantum number n r = 1 2 (n − |m|) ≥ 0 and angular momentum quantum number |m| ≥ 0. In the second-quantized notation, the Bose field operator can be expanded in terms of single-particle basis states asψ (r) = jb j u j (r). In occupation-number representation, the N -body basis function |Φ ν is written in second-quantized form as:
with k j=0 ν j = N and k j=0 m j ν j = L where j = (n j , m j ). With these constraints, only the most important Fock states from the full basis with a given L (the active Fock space) are included. Once the active Fock states are constructed as in (7), we diagonalize the Hamiltonian matrix. Details of the diagonalization scheme and beyond lowest Landau level approximation employed here, has been presented in Ref. [39] .
B. Diagonalization of the Hamiltonian
Once the active Fock states are constructed, we calculate the matrix elements and subsequently diagonalize the Hamiltonian matrix. For N = 3 bosons, we have carried out calculations for all the total angular momentum states in the regime 0 ≤ L ≤ 4N . Diagonalization of the Hamiltonian matrix is performed for each of the subspaces of L separately. We have set n z = 0 in the single-particle basis function u nz (z) since there is practically no excitation along the relatively stiffer z-axis. For a given subspace L, the single-particle basis u n,m (r ⊥ , φ) spanning the 2D xy plane is chosen as follows.
It is convenient to define ℓ z ≡ [L/N ] where for real x the symbol [x] denotes the greatest integer less than or equal to x. The single-particle angular momentum for the basis functions is now chosen to be:
where n b is some positive integer that we have chosen to be 3, 4 or more depending on the strength of the interaction and the computational resources available (n b is a kind of the size of the single-particle basis chosen for calculation for a given value of L). The single-particle basis functions thus chosen are used to construct the variational trial function Ψ = ν C ν Φ ν of the system for the given value of total angular momentum L.
Since, the system is subjected to an externally impressed rotation about z-axis with angular velocity Ω, we diagonalize the many-body Hamiltonian H lab in given subspaces of L to obtain the energy in the corotating frame E rot (L, Ω) = E lab (L) − ΩL. This can be seen as the minimization of E lab (L) subject to the constraint that the system has angular momentum expectation value L and the angular velocity Ω is then the corresponding Lagrange multiplier. Fixing L fixes Ω and accordingly we mention L(Ω) instead of rotational angular velocity Ω, in all the tables and figures in the manuscript.
III. RESULTS AND DISCUSSION
The results presented here are for a system of N = 3 Rubidium-87 Bose atoms confined in a quasi-2D harmonic trap, interacting via repulsive finite-range Gaussian potential. The confining trap frequency is taken to be ω ⊥ = 2π × 220 Hz with the z-asymmetry parameter λ z ≡ ω z /ω ⊥ = √ 8 so that the system has small extension a z = h/M ω z in the z-direction and the dynamics along this axis is assumed to be completely frozen. The parameters of the two-body interaction potential (2) have been chosen σ ⊥ = 0.1 and the s-wave scattering length in weakly to moderately interacting regime as a s = 10a 0 , 100a 0 , 1000a 0 with a 0 = 0.05292 nm being the Bohr atomic radius. The corresponding values of the dimen- 
, where E(L, g 2 ) is the total energy of the system including the one-body as well as two-body energy terms such as kinetic, potential, rotational and interaction energies, in units ofhω ⊥ .
TABLE I. (Color online)
The eigenenergy E(Li) of the Li states for N = 3 bosons in the total angular momentum regime 0 ≤ L ≤ 12 with interaction parameters g 2 = 0.09151 and σ ⊥ = 0.1 of the Gaussian potential (2). The eigenenergy (in units ofhω ⊥ ) of first ten low-lying eigenstates is shown here. The L1 states corresponding to i = 1 (first row in the sionless interaction parameter g 2 = 4πa s /a ⊥ turn out to be 0.009151, 0.09151 and 0.9151. The few-body eigenstates are obtained by diagonalizing the Hamiltonian matrix in each of the subspaces of total angular momentum 0 ≤ L ≤ 4N corresponding to slowly to rapidly rotating regime. The low-energy eigenspectra for N = 3 bosons with interaction parameter g 2 = 0.09151 is presented in Table I , exhibiting how the ground and excited state energies evolve as L is increased. Eigenstates in a given subspace of total angular momentum (columns in Table I) constitute a L series (or band). The ith eigenstate of the L series is denoted by L i and the corresponding eigenenergy by E (L i ). The lowest energy eigenstate (corresponding to i = 1) with angular momentum L 1 is referred to as the yrast state of the L series [41] . The yrast line is drawn by plotting the interaction energy contribution of the lowest-energy eigenstate for each of the L subspaces [42, 43] . In Fig. 1 , we present interaction energy (in units ofhω ⊥ ) of the yrast states for total angular momenta 0 ≤ L ≤ 4N . The red solid circles joined by blue line denotes the yrast line. The initial points of the plateaus at L = 0, 3 and 6 are the stable ground states (other points on the plateaus correspond to metastable states).
Breathing modes. Pitaevskii and Rosch [19] demonstrated that the Hamiltonian of a harmonically confined 2D system with zero-range (δ-function) interaction potential possesses SO(2, 1) symmetry due to the scaling behavior of δ-function interaction potential. This leads to an eigenenergy spectrum with energy spacing of 2hω ⊥ between two adjacent breathing modes, describing pulsation of the system. The above proposition of breathing modes for the non-rotating case [19] has further been generalized to slow rotating [44] [45] [46] [47] as well as rapidly rotating regime [48] . We draw upon these work [8, 22] to examine the breathing modes in the following.
It is observed from Table I that for the non-rotating state L = 0 corresponding to Ω = 0, the energy interval E(0 2 ) − E(0 1 ) = 9.2713 − 7.2714 = 1.9999 (in units ofhω ⊥ ). The states 0 1 and 0 2 are respectively the yrast state and the first breathing mode in the subspace L = 0. It is further observed that for the rotating states L > 0 too, the energy interval has a value close to 2. For example, E(2 3 ) − E(2 1 ) = 1.9935 for L = 2, E(5 5 ) − E(5 1 ) = 1.9929 for L = 5 and E(11 8 ) − E(11 1 ) = 2.0006 for L = 11, all close to 2 (in units ofhω ⊥ ). Thus the breathing modes demonstrated [19] to exist in a strictly 2D system with zero-range interaction potential are found to be observed here in a more realistic quasi-2D system with finite-range Gaussian interaction potential (2) . With an aim to study the physics of breathing mode in rapidly rotating regime, we focus on L = 6 and L = 12 angular momentum states of the rotating three-boson system.
Breathing modes in rapidly rotating regime. Increase in total angular momentum leads to increase in (rotational) kinetic energy and decrease in repulsive interaction energy of the ground state due to centrifugal action which moves the bosons apart making their positions more correlated. For the ground state of a rapidly rotating system in 2D with L = N (N − 1), the interaction energy reduces to zero and the state is found to be the so called strongly correlated Bose-Laughlin state [31, 33] 
Here (z 1 , z 2 , · · · , z N ) ≡ {z i } with z i = r i e iφi denote the dimensionless co-ordinate of the ith boson in the complex plane. For q = 2, 4, · · · , the Bose-Laughlin state (8) becomes an exact eigenstate of the interaction potential in Eq. (2) with limiting value σ ⊥ → 0 i.e. the δ-function potential. The filling fraction ν, defined (in the thermodynamic limit) as the ratio of the total number of particles to the average number of vortices is given by ν = 1/q for the state Ψ (N −1) ({z i }) . The exponent q, therefore, fixes the filling fraction or equivalently the total angular momentum and hence symmetry of the wavefunction.
In the present study of N = 3 rapidly rotating bosons, we confine ourselves to the first two values q = 2 and q = 4 for which the filling fractions are ν = 1/2 and 1/4 respectively and the corresponding angular momenta are L = 6 and L = 12. The yrast states 6 1 and 12 1 in Table I appear as the q = 2 and q = 4 Bose-Laughlin states, respectively.
We first consider the L = 6 subspace to examine the ground state and the low-lying excited states, obtained variationally through exact diagonalization. In Table II , we present the eigenenergy E(L i = 6 i ) as well as the von Neumann entropy S(L i = 6 i ) of low-lying L i states for three representative values of the repulsive interaction parameter g 2 in the weakly to moderately interacting regime. It is seen from the table that the eigenenergy of the yrast state 6 1 is independent of the interaction parameter and the corresponding wavefunction takes the limiting form of Bose-Laughlin state (8) with q = 2 for which the interaction energy is zero. It is further observed from the table that the energy of the first breathing mode 6 7 is also independent of the interaction parameter and even as the interaction parameter is varied over several orders of magnitude, the ordinal position of the first breathing mode 6 7 with respect to the Bose-Laughlin state 6 1 , in the eigenspectrum, remains unchanged[53]. In order to measure the quantum correlation in variationally obtained states, in particular the breathing modes, we calculate the von Neumann (entanglement) entropy defined in terms of single-particle reduced density matrixρ 1 [49] [50] [51] as
in subspaces of total angular momentum L. In Table II , we present the von Neumann entropy for N = 3 bosons in L = 6 subspace for three different values of interaction parameter. We observe that the value of the von Neumann entropy (S) for the first breathing mode 6 7 is large compared to the Bose-Laughlin (ground) state 6 1 in L = 6 subspace. Surprisingly, we further note that the value of S for both of these states (6 1 and 6 7 ) remains unchanged as the interaction parameter is varied. It is, however, seen from Table II 
where |Ψ is the many-body eigenstate obtained through exact diagonalization and r 0 = (x 0 , y 0 ) is the reference point (usually chosen to be the position of high density for a few-body system like ours). The CPD can be interpreted as the probability of a particle being at position r under the condition that another one is located at r 0 . In Fig. 2 , we present CPD plots of low-lying eigenstates for N = 3 in angular momentum subspace L = 6 for the interaction parameter g 2 = 0.09151 and σ ⊥ = 0.1 in Eq. (2) with reference point chosen at r 0 = √ N , 0 in units of a ⊥ in the x-y plane. The ground state 6 1 with two equal peaks in CPD, symmetrically placed with respect to r 0 in Fig. 2(a) exhibits a strong anticorrelation (exclusion) structure implying that the probability of finding two or more particles at the same position is vanishingly small. This underlines the composite fermion structure of the Bose-Laughlin state (8). In Fig. 2(b) for the state 6 2 , the anticorrelation structure vanishes as two of the peaks of state 6 1 , merge around the trap center to form a higher peak. The merged peak around the trap centre in CPD of state 6 2 in Fig. 2(b) , re-distributes itself into two distinct unequal peaks in the state 6 3 in Fig. 2(c) where the relatively higher peak shifts away from the trap center and a smaller peak appears at the opposite end. In the state 6 4 shown in Fig. 2(d) , the higher peak of state 6 3 splits into two equal peaks and the smaller peak becomes equally prominent with the three strongly correlated peaks forming an equilateral triangle. We observe that Figs. 2(b) through 2(e), the probability of finding one or more particle at the reference position r 0 increases progressively implying increasing tendency towards bosonic correlation. In fact from the CPD plot in 2). The plots (isosurface density profiles viewed along z-axis) show the probability distribution of finding a particle at position (x, y) when another particle has been fixed at a position of relatively high density chosen to be r0 = (x0, y0) = (1.732, 0), here. Brown-red regions have the highest probability density falling off to blue regions of low probability density. Fig. 2(f) for the state 6 6 with only one peak of about 0.6 at r 0 , it appears as if all the bosons occupy the same position resulting in a contracted state exhibiting peaked bosonic correlation. Interestingly, the state 6 6 is precursor to the expanded state 6 7 identified as the lowest eigenstate of the first breathing band and has internal structure shown in Fig. 2(g ) with two equal peaks at the opposite ends and one right at the trap center. We speculate that this first breathing mode 6 7 possibly has structure similar to the state in Eq. (11) . CPD plots in Figs. 2(h)-2(j) which belong to the first breathing band [8] can interpreted on the same line.
In order to examine the effect of repulsive interaction on the first breathing mode, we present CPD plots in Fig. 3 for angular momentum subspace L = 6 with two values of interaction parameter g 2 = 0.009151 and 0.9151. First, like the eigenenergy and the von Neumann entropy, the internal structure of the ground state 6 1 too is independent of interaction as seen in Fig. 3(a) and Fig. 3(b) . This is consistent with the very form of the Bose-Laughlin state (8) which does not allow two particles being in the same position. We further observe that the internal structure of the first breathing mode 6 7 remains unchanged for the two values of interaction parameter in Fig. 3(a) and Fig. 3(b) . This is corroborated by invariant values of the von Neumann entropy (S = 2.3204), given at top left in each plot. We thus, observe that the q = 2 Bose-Laughlin state and the corresponding first breathing mode in L = 6 subspace are similar in having the eigenenergy, the von Neumann entropy and the internal structure independent of interaction.
The interaction independence of the eigenenergy, the . In all CPD plots, brown-red regions have the highest probability (of finding a particle) falling off to blue regions of low probability.
von Neumann entropy and the internal structure is also seen in the q = 4 Bose-Laughlin state and the corresponding first breathing mode in angular momentum subspace L = 12. The diagonalization is performed for three dif-TABLE III. For N = 3 rapidly rotating bosons in total angular momentum subspace L = 12, values of eigenenergy (E) and von Neumann entropy (S) of the ground state and lowlying excited states including the first breathing mode with interaction parameters g 2 = 0.009151, 0.09151, 0.9151 and range σ ⊥ = 0.1 of the Gaussian potential (2). The states 121 and 129 correspond to the q = 4 Bose-Laughlin state and the first breathing mode, respectively. All quantities are dimensionless. . In all CPD plots, brown-red regions have highest probability (of finding a particle) falling off to blue regions of low probability. The internal structure as well as the von Neumann entropy (marked on the top left corner in each plot) of the Bose-Laughlin state 121 and the first breathing mode 129 are exactly the same even as the interaction parameter is varied over two orders of magnitude. ferent values of interaction parameter g 2 = 0.009151, 0.09151 and 0.9151, and the results are presented in Table III. It is seen from the table that E(12 9 )−E(12 1 ) = 2, for the three values of interaction parameter considered. The states 12 1 and 12 9 are the q = 4 Bose-Laughlin state and the first breathing mode respectively in L = 12 subspace. We further observe that the eigenenergy, the von Neumann entropy as well as internal structure (see Fig. 4 ) of 12 1 and 12 9 states remain unchanged as the interaction parameter is varied over three orders of magnitude. However, values of eigenenergy and von Neumann entropy of the eigenstates lying between the Bose-Laughlin state 12 1 and the first breathing mode 12 9 , vary with interaction as is seen from the Table III .
In order to compare the internal structure of the lowlying eigenstates in L = 6 and L = 12 subspaces at a given value of interaction parameter g 2 = 0.09151, we further analyze CPD plots in Fig. 2 and Fig. 5 . We observe that CPD profiles in Fig. 2(a) and Fig. 5(a) of the anticorrelated q = 2 and q = 4 Bose-Laughlin states 6 1 and 12 1 , respectively, are similar in having two equal peaks equidistant from the reference point r 0 = (1.732, 0). It is also observed that the breathing modes 6 7 and 12 9 in Fig. 2(g ) and Fig. 5 (i) (where the system is assumed to be in the state of expansion) have two equal peaks at the opposite ends symmetrically placed with respect to the third (higher) peak as well as the reference point r 0 . We further observe that the states 6 6 and 12 8 in Fig. 2(f) and Fig. 5(h) , respectively, preceding the breathing modes 6 7 and 12 9 in the respective eigenspectrum, possess similar internal structures. The only peak in their respective CPDs is found coinciding with the reference point r 0 implying that all the bosons are in the same position and the system is in a state of contraction. The close analogy between the internal structures of the low-lying eigenstates in L = 6 and L = 12 subspaces suggests that the (radially contracted) states 6 6 and 12 8 , appear to play an important role in the emergence of the (radially expanded) first breathing modes 6 7 and 12 9 in respective L subspaces.
Effect of interaction range. Through our exact diagonalization study on N = 3 bosons, we found that the first breathing mode in L = 6 subspace is independent of the interaction strength g 2 for the interaction range σ ⊥ = 0.1 in the Gaussian interaction potential (2). We, now, fix the value of interaction strength g 2 = 0.09151 and examine the effect of σ ⊥ on the first breathing mode in L = 6 subspace as the interaction range is varied over 0.1 ≤ σ ⊥ ≤ 0.5. The results obtained for the ground and low-lying excited states including the first breathing mode are presented in Table IV . We observe that the energy as well as the von Neumann entropy obtained for the ground state 6 1 and the first breathing mode 6 7 remains unchanged for the interaction range σ ⊥ < 0.3, whereas, beyond σ ⊥ = 0.3, both the energy and the corresponding von Neumann entropy vary with σ ⊥ . Thus as σ ⊥ is increased and the Gaussian interaction potential deviates significantly from the δ-function potential, 2). The reference point r0 is located at (x0, y0) = ( √ N , 0) in units of a ⊥ . Contour plots depict the isosurface density profiles viewed along the z-axis, where brown-red regions have the highest probability (of finding a particle) falling off to blue regions of low probability. TABLE IV. For N = 3 rapidly rotating bosons in total angular momentum subspace L = 6, the values of eigenenergy (E) and von Neumann entropy (S) of the ground state and the low-lying excited states including the first breathing mode, with fixed value of interaction parameter g 2 = 0.09151 and the interaction range varied over 0.1 ≤ σ ⊥ ≤ 0.5 of the Gaussian potential (2). The states 61 and 67 correspond to the yrast state and the first breathing mode, respectively, in L = 6 subspace. the energy of the first breathing mode exhibits deviation from the value 2hω ⊥ for a strictly 2D zero-range interaction potential. Such a study has also been presented in Ref. [34] for N = 10 bosons in L = 0 non-rotating state. Our results, thus, indicate that the first breathing mode remains independent of interaction strength for small values of interaction range σ ⊥ (< 0.3) of the Gaussian potential (2) . The independence of the energy of the ground state and the first breathing mode for the interaction range σ ⊥ < 0.3 of the Gaussian potential (2) in L = 6 and L = 12 subspaces for N = 3, can be understood in terms of the proposed variational ansatz in Eq. (11) for the ground state and the first breathing mode. However, for σ ⊥ > 0.3, the above variational ansatz breaks down.
IV. SUMMARY AND CONCLUSION
In conclusion, we have examined the quantum correlation (von Neumann entanglement entropy) and the internal structure (CPD) of the ground and low-lying excited states of a rotating system of three bosons interacting via repulsive finite-range Gaussian potential in a quasi-2D harmonic trap. The Hamiltonian matrix is diagonalized for given subspaces of quantized total angular momenta 0 ≤ L ≤ 4N in weakly to moderately interacting regime to obtain the low-lying eigenstates that provide an insight into the evolution of few-body states versus interaction and rotation. Our numerical results support the supposition that breathing modes, known to exist in a purely 2D system with zero-range (δ-function) interaction potential, are also observed in more realistic quasi-2D system with finite-range Gaussian interaction potential.
In the rapidly rotating regime, the evolution of the Bose-Laughlin ground state and the low-lying excited states with interaction is studied, by fixing the total angular momenta L = q 2 N (N − 1) = 6 and L = 12 corresponding to q = 2 and q = 4 respectively, for the three-boson system. The Bose-Laughlin state which is an eigenfunction of the (zero-range) interaction potential with eigenvalue zero is strongly correlated and is indeed found to have the anticorrelation (exclusion) structure. We find that for the three-boson system studied here, the Bose-Laughlin state and the first breathing mode exhibit similar features such as the interaction independence of eigenenergy, von Neumann entropy and internal structure when the interaction parameter is varied over three orders of magnitude. On the other hand, the eigenstates lying between the Bose-Laughlin state and the first breathing mode, these quantities, namely, the eigenenergy, the von Neumann entropy and the internal structure are found to vary with interaction.
Moreover, the eigenstates preceding the first breathing mode in L = 6 and L = 12 subspaces have similar internal structures. The only peak in their respective CPDs is found coinciding with the position of the reference particle (so that the three bosons in the system are at the same position). This feature appear to play an important role in the emergence of the first breathing mode (or the breathing band). This is in contrast to the anticorrelated Bose-Laughlin state where the probability of finding two or more bosons at the same position is zero. The results obtained indicate that the first breathing mode remains independent of the interaction strength for small values of the interaction range σ ⊥ (< 0.3) of the Gaussian potential. For σ ⊥ > 0.3, the energy as well as the von Neumann entropy of both the ground state and the first breathing mode vary with σ ⊥ . Our study demonstrates that the von Neumann entropy and the CPD are powerful theoretical tools to gain insight into strongly correlated quantum states. We, however, wish to point out that some of the results presented here may be the consequence of special geometries like equilateral triangle, linear configuration etc., that a three boson system can have.
